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Abstract. We present a new kind of normalization theorem: linearization theorem for skew products. 
The normal form is a skew product again, with the fiber maps linear. It appears, that even in the smooth 
case, the conjugacy is only Holder continuous with respect to the base. The normalization theorem 
mentioned above may be applied to perturbations of skew products and to the study of new persistent 
properties of attractors. 


1. Setting and statements 

1.1. Motivation. This paper is devoted to a normalization theorem for Holder skew products. We 
begin with the motivation for the choice of this class of maps. 

According to a heuristic principle going back to [1] , generic phenomena that occur in random dynami¬ 
cal systems on a compact manifold may also occur for diffeomorphisms of manifolds of higher dimensions. 
Random dynamical systems are equivalent to skew product homeomorhisms over Bernoulli shift. Some 
new effects found for these homeomorphisms were transported later to skew product diffeomorphisms 
over hyperbolic maps with compact hbers. These diffeomorphisms are in no way generic. Their small 
perturbations are skew products again, whose hber maps are smooth but only continuous with respect 
to the base point [8]. 

Recently it was discovered that these hber maps are in fact Holder with respect to the base point 

New effects found for skew product diffeomorphisms are then transported to Holder skew products, 
and thus proved to be generic. This program was carried on in [3l El EOl [TTl [161113 ■ 

This motivates the study of Holder skew products. We now pass to our main results. 

1.2. Main statements. Consider a skew product diffeomorphism over an Anosov map in the base with 
the hber a segment. In more detail, let M = x /, T'^ is a a d-dimensional torus, / = [0,1]. Consider 
a boundary preserving skew product 

(1) F:M^M,{b,x)^{Ab,Mx)), 

where /b(0) = 0, /^(l) = 1, the hber map fb is an orientation preserving diheomorphism I ^ I and the 
base map A is a linear hyperbolic automorphism of a torus. 

Suppose also that / is Holder continuous in x with respect to the C^-norm; i.e. that there exist 
constants Ck, > 0 such that for any 6, b' G T'^ the following holds: 

( 2 ) U-fb'\\c^<Ck\\b-bY 

This assumption appears in slightly diherent settings as a statement in a number of articles on partial 
hyperbolicity: for exmple, in |2T] the estimate ([2]) is true for A: = 0, in j2] for k = 1 and in |1] for any 
k. Now we will state the main results that we are proving in a hope to apply them to the study of the 
skew products: for example, to drastically simplify the proofs in [TU] . 
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Theorem 1. Consider a map F of the form ([T]) with the property ([2]) for some fixed k and - smooth 
on the X variable, k >2. Let O G x {0} be its hyperbolic fixed point. Then there exists a neighborhood 
U of O and a fiber preserving homeomorphism 

dh 

(3) H : {U, O) ^ U, {b, x) ^{b,x + h{x)) hb{0) = ^(0) = 0, 
such that 

1. H conjugates F in {U,0) with its ’’fiberwize linearization” 

(4) Fo : (6,x) H-(A6, Aftx), 
where 

(5) Aj = m). 

This means that 

(6) FoH = HoFq. 

2. H is smooth on x for b fixed: the degree of smoothness is k — 2 

3. H is fiberwise Holder: there exist constants Ci,a > 0 such that for any 1,0 < I < k — 2 holds 

(7) \\h-h>\\ci<Ci\\b-b'\r 

such that 

(8) a G min(/?,log^g), 

where fi is the largest magnitude of eigenvalues of A. 

This theorem is local: the conjugacy relation F o H = H o Fq holds in a neighborhood of O only. We 
will reduce this theorem to the following two results. 

Theorem 2. Consider the same F as in Theorem [21 with k = 2. Let in addition 

Xb<q<l Vh G T'^ 

Then the map H with the properties 1, 2, 3 mentioned in TheoremU\ is defined in a set 

= {(b, x) G X [0, 1] I X G [0, e]} 

for some e > 0 and is continuous on this set. Moreover, for I = 0, the relation o holds for any a as 
in ([8]). 

Theorem 3. Suppose that all assumptions of Theorem\^hold, except for k is arbitrary now. Then the 
map H with the same properties as in Theorem\E exists. Moreover, H is C^~‘^ fiberwise smooth, and 
satisfies the Holder condition ([8]) for I = k — 2. 

Theorems [2] and [3] are the main results of the paper. They are similar: the hrst one claims that the 
fiberwise conjugacy H is continuous in the C-norm with respect to the point of the fiber, and the second 
one improves this result - by decreasing the neighborhood in the fiber, and replacing the C-norm by 
the C^ one. The main part of the paper to follow is the proof of Theorem [2l At the end we present a 
part of the proof of Theorem [3l Namely, we prove that the maps hb are {k — 2)-smooth , but we do not 
prove that the derivatives 1 < i < ^ — 2 are Holder in b. This may be proven in the same way as 
the Holder property for hb, but requires more technical details that we skip here. 

At the beginning of the next section we deduce Theorem [1] from Theorems [21 [3l 
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1.3. Comparison with the theory of “nonstationary normal forms”. This theory is developed 
in [6] and [5]. The closer to our results is Theorem 1.2 of |6] proved in full detail as Theorem 1 of |5]. 
For future references we will call it the GK-Theorem. This theorem considers a wide class of maps to 
which the map ([1]) belongs, provided that it satishes the so called narrow band spectrum condition. In 
assumptions of our Theorem [T], this condition has the form: 


(9) (max Af,)^ < min Aft. 

This is a restrictive condition, not required in Theorem [2l Moreover, GK-Theorem claims properties 
1 and 2 of the map H, that is, if is a hberwise smooth topological conjugacy, and does not claim Holder 
continuity of the hberwise maps of H, see ([H]). To summarize. Theorems [21 [3] improve the GK-Theorem 
for the particular class of maps ([T]), skipping the narrow band spectrum condition and adding Property 
3, the Holder continuity. 

Statements 1 and 2 of Theorem [1] may be deduced from the GK-Theorem. Indeed, any continuous 
function A < 1 satishes condition (|9]) in a suitable neighborhood of any point. On the other hand. 
Theorem [1] in its full extent is easily deduced from Theorems [21 [3l 

2. The plan of the proof 

2.1. Globalization. Theorem [T] is proved with the help of standard globalization technics (see, for 
instance, [S]). Without loss of generality, hyperbolicity of the skew-product F implies that A^ < 1 in 
the neighborhood U G of the hxed point O. If not, we pass to the inverse mapping F~^. Let iP be a 
compact subset of U. Let us take a smooth cut function (p : —)■ [0,1] such that 

(10) (p|i^ = 0, (p|']rd\i7 = 1 

Instead of the initial function fb{x) on the hbers let us consider the function 

(11) fb{x) = fbix){l - ip) + 

Then a map 


(12) F:X,^X,{b,x)^{AbJb{x)) 

has the following list of properties: 

1. F coincides with F in the neighborhood of the hxed point O 

2. F is attracting near the zero layer: if Xb := fb{0) then 

(13) Afe < 1 V6 e T'^ 

So without loss of generality we may assume from the very beginning that Xb G (0,1) everywhere on 
the base T'^. Moreover, the conjugacy H is to be found in the whole Mp. in other words, the equality 
F o H = H o Fq will hold on the full neigbourhood of the base. 

All the rest of the article deals with the proof of the global result, i.e. Theorem [2] and Theorem [3l 
Now let us prove Theorem [21 the main idea is to use hxed point theorem to prove the existence of the 
conjugacy H: we should just properly dehne the functional space and a contraction operator in it. In 
the following sections we will do all of it, postponing some calculcations as well as the proof of Theorem 
[3] to the Appendix (Section [6]). 
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2.2. Homological and functional equations. Suppose that 

(14) fb{x) = XbX + Rb{x), Rb{x) = 0{x‘^),x ^ 0. 

Then hnding the conjugacy H : —)■ of the form ([2]) satisfying ([2]) is equivalent to hnding the 

solution hb{,x) of a so-called functional equation 

(15) JiAb (Xbx) - \bhb{x) = Rb{x + hb{x)) 

More briefly, this equation can be written in a compositional form as 

(16) ho Fq — \h = RoH 

Here we denote by A the operator of multiplication by Xb, here b is an argument of the considered 
function. 

In the following we will be working not with the quadratic part of the conjugacy itself but with this 
part divided by That’s why we change the notations in such a way: we write bars for the functions in 
the space of quadratic parts for possible conjugacy maps and we don’t write bars for the same functions 
divided by for instance, hb{x) := In a similar fashion, Qb{x) := . 

The functional equation is a hard one to solve since the function hb{x) is present in both sides of the 
equation. One may simplify functional equation and consider a gentler form of the equation on hb{x), 
a homological equation: 

(17) hoFo-Xh = R 

The solution of the homological equation doesn’t give the conjugacy but is a useful tool in the 
investigation. Homological eqation can be rewritten equivalently in terms of h and Q as 

(18) oFo-Xh = Q 

2.3. Operator approach. Let us consider a space At of real-valued functions defined on M which are 
continuous on b and smooth in x G [0,1]: 

(19) M := {hb{x) G M I hfx) G C'(T“'), hb{-) G 1]} 

Let us define an operator T : At —)■ At on it which acts on a function h{b,x) by associating to it the 
left-hand side of the homological equation ffTT)) . With the use of this operator, equation flTTl) can be 
rewritten in a form ^h = R. 

Denote L an inverse operator to T. The operator L is solving homological equation; if the right-hand 
side is R then LR = h and LT = id. From now on, operator L will be referred as homological operator. 
Let us define a shift operator $ : A1 —)■ At which acts as 


(20) ^h{b,x) = Rb {x + hb{xf) 

Then the functional equation on the function h can be rewritten in the form Th = or, equivalently, 
h = L$/i. So the search for conjugacy is equivalent to the search of a fixed point for the operator Ld) 
in the space At. 

Let us note for the future that the operator T (as well as its inverse L) is a linear operator on the 
space of formal series although operator $ is not at all linear: for instance, it sends a zero function to 
Rb{x). 
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2.4. Choice of a functional space for the Banach fixed point theorem. We will be using the 
simplest of the forms of a contraction mapping principle by considering a contracting mapping defined 
on a metric space M and preserving its closed subspace N. 

Let us define A/", d and N for our problem: a contraction mapping / will be a slight modification of 
the composition of operators considered in Section 12.31 Note that operator L as well as operator 
preserve the subspace of A4 of functions starting with quadratic terms in x which we will denote by 
M^: 


(21) = {hh{x) G M.\hb{x) = x‘^hb{x), hb{x) G Ad} 

That’s why for our comfort we will define the operators L and <1> acting on At as 


( 22 ) 


Lh ■= 


L[x^h] 


:= 


^[x‘^h] 


x^ x^ 

These operators correspond to the solution of homological equation and to the shift operator but are 
somewhat normalized. 

The linearization theorems we prove will be applicable only in the vicinity of the base, i.e. in x [0, e\. 
The conditions on the small constant e will be formulated later. Contraction mapping theorem will be 
applied to the operator Ld) acting in the complete metric space Ale of functions from At restricted to 
the small neighborhood of a torus T'’* x [0,£]. A norm on this space is simply a continuous one, for 
h(6, x) G Ale it is defined by 

(23) ||h||c,e= sup \hb{x)\. 

(fe,x)gT‘*x[0,e] 

To use contraction mapping principle we define a space 

(24) U-.= {he Ale, ||h||c,e < A} ,p(A,h 2 ) := I|hl - h2||c,e. 
with a continuous norm on it. 

The constant A will be chosen later. Now we pass to the definition of the set N. 


2.5. Holder property and a closed subspace N. To prove Theorem [2] we shall work with the three 
norms: continuous one || • ||c',£ was already defined, now we will define the Lipschitz norm Lip^.^ as well 
as the Holder one || ■ ||[»],£. The index e indicates that these norms are considered for the subspaces of 
functions in Al^; but it will be omitted in the case it is matter-of-course. 


Definition 1. For a function h G A1 define its Holder norm ||h||[a] as 


(25) 



sup 


\hb^{x) - hfc2(x)| 


Holder norm of a function is sometimes called its Hblder constant. 

The subspace of functions h G At for which this norm is finite, will be called the space of Holder 
functions with exponent a and denoted by "H". In much the same way, the space Hf is a subset of 
functions h in Al^ such that ||h||[c^]^£ < oo where 


(26) 


sup 

6l,fe2€T'^,xG[0,£] 


\hb^{x) - hb^ixf 


Whi-hr 

Definition 2. For a function h G At define its fiberwise Lipschitz norm Lip^h as 


( 27 ) 


:= sup 

6£T^,3::,yE[0,l] 


\hb{x) - hb{y)\ 
|x - y\ 
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Analogously, for G 
(28) 


:= 


sup 

beT‘^,3;,i;e[0,£] 


\hb{x) - hb{y)\ 
\x - y\ 


Once these definitions given, we can say what will be the closed subspace N of the functional space 
J\f (see (12^ 1 for the contraction mapping principle. We will show that there exist constants e > 0 as 
well as AcjA^ip and Aa such that the space 


(29) N = {he Me,he I \\h\\c,e < ^cMVx,eh < Aup,\\h\\[a],e < M} 

is closed in (W, p) and preserved under L<f). Note that here we need A > Ac- In the proof, we will first 
choose constants Ac,Aup and A^, A can be chosen later as A := Ac- 

2.6. Three main lemmas and the proof of Theorem [2]. To prove Theorem [2l one needs simply 
to show that all the conditions of contraction mapping principle hold for A/", p and N dehned corre¬ 
spondingly in fl2TD and fl2^ . Here we state three main lemmas that will give the result of Theorem 

El 

Lemma [H deals with homological equation and provides an explicit solution of f[T7|) as a formal series. 
It also states that this series converges exponentially and gives a continuous function on M. Moreover, 
for a chosen accordingly to ([8]), the operator L in the space M preserves the subspace "H" of Holder 
functions with this particular exponent. This is a crucial point that gives us the main claim - Holder 
property of a conjugacy. 

The two lemmas that are left enable us to apply contraction mapping principle. Lemma El deals with 
composition L<I>: it states that one can choose a closed subspace C W of the form (E^ such that is 
mapped into itself under the composition L$. Lemma E] proves that is indeed a contraction on the 
space Me in continuous norm. 

Let us state precisely these lemmas. 

Lemma 1. [Solution of a homological equation] Consider a skew product ([T]). Let us define a sequence 
of functions on as 

(30) no(6) ;= 1, n„(6) := XbXAb - - - Ayin-ifo, n = 1,2,... 

Let a be given by ([8]), and set 

(31) 6 = 6{a) ■-= p°'q < 1 

Suppose that conditions ([2]) and fiM]) hold, and let Q e 'HA - 
Then the following holds: 

1. There exist a solution hb{x) of the homological equation 01; it can be represented as a formal 
series 

U ^A,{h)QoF^{h,x) 

^ ^ ^ XA^b 

k=0 ^ ° 

The series (I32D converges uniformly on M and its sum is continuous in b and as smooth in x as 

The solution h satisfies Holder condition with the exponent equal to a : h & "H". 

The operator L ■- Q ^ h is bounded in C-norm on the space M- 

Lemma 2. [A closed subspace maps inside itself] For a skew product of the form ([I]) there exist constants 
e, Ac, ^Lip, Aa > 0 such that the operator L^ acting in the space M maps the closed space N defined 
by fl2^ into itself. 
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Lemma 3. [Contraction property] There exists a constant A > 0 such that for any sufficiently small 
£ > 0 the operator acting in the space M (which depends on A and on e, see fl2 ^ ) is contracting in 
the continuous norm. 

Proof of Theorem [E 

Now the proof follows: first, we take e defined by Lemma [2] and fix all constants Ac, ^Lip, Aa provided 
by the same lemma. Then we diminish e for Lemma [3] to hold. Then the set M corresponding to snch 
an e and a constant A = Aq has a C-norm on it defining a complete metric space. Operator L<f) acts 
in this space and, by Lemma |3l is a contracting map. Note that the set N dehned in fl2^ is a closed 
snbspace of M since A = Ac- This snbspace N C Pif with a hxed Holder constant a is preserved by 
L<f). Then, by contraction mapping principle, L<f) has a hxed point h & N (and hence in Pif) which 
gives Holder conjugacy of the initial skew prodnct with its linearization. Strictly speaking, the Holder 
property is proven not for the conjngacy bnt for its qnadratic part divided by bnt the Holder property 
of the conjngacy follows just because x is bounded. □ 

3. Proof of Lemma [E homological equation solution 
From the form fllSp of the homological equation we deduce that h{b, x) can be represented as 

(33) h = —\~^Q + Xho Fq 

Let us take the right composition of this equation with the normalized map Fq given by (jl]). And then 
let us apply the operator of multiplication by A to this equation. The equality fl3^ implies 

(34) X{ho Fo) = -X (A-^ oA)QoFo + X{XoA)hoF^ 

Note that the left side of fl3T)) is equal to one of the terms in the right hand side of fl33|) . We continue 
such a process of taking right composition with Fq and multiplying by A. Thus we obtain the infinite 
sequence of equations that can be all summed up. Let us sum the first N + 1 of them, then we will have 


(35) h, = o f IMMlA 

k=0 

Let us now pass to the limit when N ^ oo: since h G Af, | |h| |c < A and A is bounded by some q < I, 
we have that the hrst term on the right-hand side of fl35|l is bounded by Aq^^^ and hence tends to 0. 
Thus we obtain formula fl3^ for h{b,x). 

Since F is a diffeomorphism, then G we have: Xi, ^ 0. Then, since A^ is a continuous function 
on a compact manifold T'^, there exists a lower bound D > 0 such that 

(36) Afe > D > 0 G 


Then, since obviously 

(37) |ni.(6)| < q\ 

the series is bounded by a converging number series 


(38) 



k=0 


IIQIIc 

D{l-q) 


So by the Weierstrass majorant theorem, its sum is a continuous function on M, and the normalized 
homological operator L is bounded in continuous norm. Namely, 


I LI 


1 


(39) 


D(l-g) 
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Solution hh{x) is as smooth in x as Q is: that can be verihed by differentiation of the series fl3^ and 
repetitive applying of Weierstrass majorant theorem. Convergence of the series for the derivative of the 
solution of homological equation h will be even faster than the convergence of the series for the function 
itself: indeed, the coefficients in the series fl5^ will be multiplied by the factors 11 ^( 6 ) which are rapidly 
decreasing. 

So assertions 1,2 and 4 of Lemma [1] are proven. What is left to prove is that Holder property with 
exponent a is preserved by operator L. We will need the following 

Proposition 1. In the setting of Theorem{^ let the Holder property ([2]) for ft and some k hold. Then, 
for Xh and Qh{x) given by fb{x) = X^x + x^Qb{x) we have Holder properties: for Xb and for the same k 
as in ([2]); for Qb{x) and for k — 2. 

Proof. The property for Xb is obvious since Xb = |a;=o- property for Qb{x) follows from an 

analogue of Hadamard’s lemma: for (p G j^j, (p(0) = v^'(O) = 0 and = -^ we have 

(40) lli/'llc < llv’llc^ 

This follows from the well-known formula ijj^x) = f^ix — t)ip"{{t))dt. The coordinate change t = xs, s G 
[0,1] implies fj{x) = x^/^(l — s)f"{xs)ds. From this fl40|) follows. The needed corollary that Qb is 
Holder continuous assuming fb is Holder as an element of C^, follows. □ 

To prove assumption 3 of Lemma [U let us denote by Cq := ||Q||[a] and Cx ■= ||A||[a] the Holder 
constants for functions Q and A respectively. We need to hnd such C > 0 that for all 6 i, 62 G T'^: 

(41) \hb,{x)-hb,{x)\<C\\b,-b2\r 

Note that even though Holder exponents for Q and A can be close to 1, the Holder exponent for the 
solution h of normalized homological equation will be close to zero. 

For each k G denote 

(42) Pk{b) := 

AA^b 

Then, obviously, 

(43) |Pa:(&)| 

Let Qk{b,x) := Q o F^tfo^x). Then the solution h can be written in the form 

00 

(44) hb{x) = - ^ Pk{b)Qk{b, x) 

k=0 

Take 61,62 € and denote Qkj '■= Q o F^{bj,x),j = 1,2. Then 

00 

(45) \hb,{x) - hb,{x)\ = - ^A.( 62 ))Qa :,1 + Pk{b 2 ){Qk,l - Qk, 2 )] 

k=0 

So we have the estimate 

00 

(46) \hbi{x) - hb^ix)] < ^ 6 ^ 1 ,A:( 61 , 62 )-h 6 * 2 ,fc( 61 , 62 ) 

/c=0 

where 

(47) e,,k{bi,b 2 ) = \Pk{bi) - Pk{b 2 )\ \\Q\\c, e 2 ,k{bi,b 2 ) = \Pk{b 2 )\\Qk,i - QmI 

Let us formulate some propositions that we will need, and postpone their proofs to the Appendix, 
Section | 6 l 
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Proposition 2. Function n„(6) defined as a product of Xb in the first n points of the orbit of a linear 
dijfeomorphism A, see fl30|) . is Holder continuous with the exponent a, see (jH]) , and 


(48) 


11 [o] ^ 


(//" - l)q 


where C\ is the Holder constant for X, 9 is defined in and pL is the largest magnitude of eigenvalues 
of A. 


Proposition 3. Function Pnifi) defined by fj4^ is Holder with the exponent a, and 
(49) 

where B depends only on the initial map, the precise formula for B is given below, see CO. 
Now, using Proposition [3] we can prove that 


(50) 9 ,, k { bi , b 2 ) < \\ Q \\ cD ^ C , Be ’^\\ b ,- b 2 \r 
The estimate of 02 ,fc is somewhat lengthier. 

Proposition 4. Function 02,fe(5i,52) defined in fITT)) is Holder with the exponent a, and 

(51) 1192,tllH < OW (Ca + 

The proof of this proposition is using only the triangle inequality and we postpone it till the appendix. 
Inserting estimates on 9i^k and 02 ,fc from flSOjl and flSTj) into the inequality fITOl) . we can hnally use 
our special choice of a. It is in this place where we crucially use the fact that 0 < 1 to establish the 
convergence of estimating series in the right-hand side of fl46|l . By simple computation of the sum of a 
geometric progression, we obtain that h is Holder, and fITT]) holds for some Ch- The expicit form of Ch 
is not important for the proof of this lemma, but it will be used in the proof of Lemma |2j That’s why 
we write it out explicitely: 


(52) 


dh — IIQIIc-hc + C'qL[c] -|- Lip,j,(5TLip- 


where 

(53) 


_ D^CxB 
~ 1-0 


This completes the proof of Lemma [H 


D Ca 1 

I —O' Lip — 1) g 1 — 6iqi' 


□ 


4. Proof of Lemma [2J the shift operator 

Take some h & N and let us estimate continuous, Lipschitz and Holder norms of its image under the 
composition of operators L and <I>. 

The plan of the proof is the following: we will first show that there exist constants ec > 0 and 
A = Ac > 0 such that the space M defined by (l 2 T)) is mapped by to itself. So the operator Ld) 
doesn’t increase too much the continuous norm if we consider it on an appropriate space. 

In the following step, we will diminish even more the e-neighborhood of the base in which the functions 
are defined, and search for eLip < Sc and we will also search for a good bound Aup in fl2T)) . We will 
find such eLip and Aup that Ld) won’t increase the Lipschitz norm of the function h with conditions 
||h||c < Ac, 11 h| I Lip < ^Lip in the vicinity of the base. 

And, in the final step, we will find e^ < eLip and Aa such that the space N defined by (1291) is preserved 
by 

From the dehnition fl20|) of the shift operator we have 


(54) ^h(b, x) = Rb [x + hb{x)') = {x + hb{x)fiQ{b, x + x^hb{x)) = a;^(l -|- xhb{x)fiQ{b, x + x^hb{x)) 
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hence 

(55) = {1 + xKf‘Q{h^x + x^h) 

Using the definition fl2^ of the subspace N as well as the estimate (l38|) and the expression fl5^ . for any 
h ^ N we have 


(56) WLShWc, < (1 + sAcf 

Hence let us first fix any 


(57) 

and then choose e = Sc such that 


Ac > 


IIQIIc 

D ( l - g ) 


(58) 

Note that in the definition of the space Af the constant A bounding the norm should be greater than 
Ac defined by (157)) . 

For the Lipschitz norm bound, we will need the proposition concerning only the homological operator: 
it preserves the space of smooth on fiber functions. Since we will deal with derivatives of functions along 
the fiber let us agree on notations: let us denote the l-th derivative of a function h{b, x) with respect to 
fiber coordinate x as , / G N. 

Proposition 5. The operator L is hounded in the Lipschitz norm: there exists a constant such 

that for any h E Ai the following holds: 

Lip,, (Lh) < Lip„L ■ Lip^h. 

Moreover, if for any b G the function h{h, ■) G , then Lh has the same smoothness as well and 

(59) ||(L/i)«||^<C'fc(L)llh«l|^ 

The proof of this proposition is an easy consequence of the explicit form fl32D for the solution of the 
normalized homological equation, and we give it in the Appendix, Section [6l 

Now let us pass to the Lipschitz norm Lip 3 ,_^[L<F/i] < Lip^L x Lip„ g<h/i. By using the simple arguments 
one can prove the following 

Proposition 6. There exist polynomials T^i^e) and T^{s) of degrees respectively 3 and 4 such that 
T^{0) = 0 and for any h E N holds 

(60) Lip,, < T3{e) + T°{e)Aup 
We postpone the proof to the Appendix. 

From here we see that there exists a constant Aup such that for e small enough, say £ < Sup, Lipschitz 
constant of the image of any function h E N is bounded by A^p- 

LiPa;,£[L4>/l] < ALip. 

We can assume that ^Lip < £c- 

What is left is to estimate | |L<F/i| for this, we will need the bounds on how operators L and <F 
behave on the space of o-Holder functions separately. 

For the shift operator in Appendix, Section [6] we will prove 
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Proposition 7. If h E 'H'^e then G 'H°‘e as well. And, moreover, for h E N, there exist polynomials 
T 2 {e) and T^{e),T^{e){0) = 0 of degrees 2 and 4 correspondingly such that 

( 61 ) ll-l-fcllw,. <T?(AT + A(c) 

While proving Lemma [H we have deduced the bound on Holder norm of normalized homological 
operator with Lc, L[a], Lup being some fixed constants defined by ([53]): 

(62) ll^^ll[a],£ < Lc\\h\\c,e + L[a,]\\h\\[c,],e + LupUp^^^h 

Let us now combine fIM]) and fl^ for h := to get the bound for ||L<h/i||[Q,] Here we will be using 
Propositions [ 6 ] and [7| as well as inequality fl5^ to get the bounds on different norms of $/i in the space 
Me. 

(63) ||Ld'/i||[„],s < LcW^hWc^, + L[a] + LupUp^^^^h < 

^ -^cl IQI |c(l + ^AqY + -L[a] + T2{e)^ + pLip {T2{^) + ^4 (^)^Lip) 

So we see that there exist polynomials Q 2 {.^),Qi{£) such that degQ^ = 2 ,Q 2 ( 0 ) = 0, deg ( 54 (e) = 4 
and 

(64) ||L$h||[„],, <H,Q°(e) + Q4(£) 

So for £ small enough, £ < £[„], and for some Hq, > 0 the right-hand side of inequality fl64D can be 
made less than Aa. We can take e^a] < £Lip- By taking £ = £[q,] we obtain the desired preservation of N 
by operator L$. This space is obviously closed in M. 

□ 


5. Proof of Lemma [3j contraction property 

Since operator L is linear and uniformly bounded by fl38l) in the continuous norm, the only thing 
to prove is that normalized shift operator $ is strongly contracting in this norm, i.e. for any e small 
enough there exists some constant u = ly^e) E (0,1) such that for any h, g E Af 

(65) W^h - ^ g \\ c,s < J^\\h - g \\ c,e 
Proof. 

Suppose h,g E M and define h,g E M^ by hb{x) = x‘^h{b,x),gb{x) = x^gb{x). Also denote Qh = 
Q [b,x + hb{x)). 

(66) I |<h/i - 'hfi'l lc,£ = 11 (1 + xhb{x)fQh - (1 + xgb{x)fQg) \ \ < 

< WQh - Qg\\c,e + \\‘^xhb{x)Qh - 2xgb{x)Qg\\(j^^ + \ \x^hl{x)Qh - x^gl{x)Qg\\^^^ < 

< Up^Q\\h - g\\c,e + 2 £||/i - g\\c,e\\Q\\c + ‘2eA\\Qh - Qg\\c,e + \ - 9‘^)Qh + g'^iQh - Qg)\\c^e - 

(^^Lip,,Q + 2£||Q||c + 2£2Lip^QA) +£2 (2A||/i - ^Hc.^lQHc + kl^Lip^Q£2||h - = 

= \\h-g\\c,eOi.£)- 

Hence operator $ is strongly contracting. And since from fl3^ for any function h E Af the norm 
||-hh||c,e < i^ll^llce, applying this to with the fact of the strong contraction property for $ we get 
the strong contraction property for L4). □ 
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6. Appendix: Proof of Theorem [3] and other calculations 
In the appendix we will prove the technical propositions stated above. 


6.1. Holder properties of some auxiliary functions. First let us prove 

Proposition 2. Function n„( 6 ) defined as a product of Xf, in the first n points of the orbit of a linear 
diffeomorphism A, see (ISU]) . is Holder with the exponent a and 


(67) 


in. 


< 




(h" - i)g 


where C\ is Holder constant for A, 6 is defined in CD. Here and below a is given by ([8]) and p is the 
largest magnitude of eigenvalues of A. 

Proof of Proposition 2: 


( 68 ) 


|n„(6,)-n.(y| = 


n—1 


n—1 


k=0 k=0 

n—1 


I ■^62 I ^ 


n—1 






k=l 
na _ 


+ I"^b2l |nn-l(A6i) — n„_i(A 62 )| < • 




k=0 


/i“ - 1 


||fel-&2||“< 




(/i“ - l)g 


\\b 1 -b 2 


Proposition 3. Function Pnifi) dehned by Pnifi) '■= ig Holder with exponent a and 


□ 


(69) 


XA-n 

Pn\\[a] < D^CxBO^' 


where B depends only on the initial map, the precise formula for B is given below, see (CD. 
Proof. 


(70) \Pn{bi) - P^{b2)\ = 


An{hi)XA-rib2 ~ An{h2)XA-^bx 


Aa"?)! Aa 1"62 


< 


n—1 


n—1 


Aa '*^2 ^A^bi XA^bi XAl=b 2 


k=0 


k=0 


— |(AA"b2 ~ -^A"6i) n„(6i) + n„+i(f)i) — (A^^ibi — Ayinft^) n„(f)2) — n„+i(f)2))| < 

< |nn+i(bi) — n„+i( 62 )| + |AA»bi — AAinfe21|n„(6i) — n„( 62 )| < 


< 


C Qn+l 


+ 2q'^CxpP" 


[(/i“-l)g 

where B doesn’t depend on anything but initial skew product: 

9 


\\bi - b2\\‘^ < D^CxB9^\\bi - b2\ 


(71) 


B{9,fi,a,q) = 


(h“ - 1 )? 


+ 2 


□ 


Proposition 4. Function 6 > 2 ,fc(^i!^ 2 ) defined as 6 * 2 ,a:(^i, ^ 2 ) = |nfc( 62 )||Qfc,i — Qfc, 2 | is Holder with a as 
exponent and 

(72) ||e2,i|lH < OW (cq + 

Here Qk,i = Q o FQ{hi,x) and Qk ,2 = Q o FQ{h 2 ,x), and the definition of Pkifi) was reminded in 
Proposition 2 above. 
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Proof. We use the results of Proposition [2] in the following chain of inequalities. 

(73) 6»2,fc < \QAkh^{Ilk{bi)x) - QAk,,^{Ilk{b2)x)\ < q^D \QAHA^kibi)x) - QAkb20^kibi)x)\ + 

+ q’^D \Q^kb,{Ilk{b 2 )x) - QA^b,{'nk{bi)x)\ < q’^DCg^’^^Wbi - 62 !!“ + q’^DUpM^k\M\bi - 62 !!“ < 

fce + || 6 i - 6 j||“ 


□ 


Proposition 5. Operator L is hounded in the Lipschitz norm: there exists a constant Lip^^L such 
that for any h E Ai holds 

Lip^ (Lh) < Lip^L x Lip^/i. 

Moreover, if h{b, •) G for any b G then Lh has the same smoothness as well and 

(74) ||(L/i)«||^<C'fc(L)||h«||^. 

Proof. Using the explicit formula for the solution fl32|) . as well as bounds flTT)) and fH3|) . we have: 


(75) 


sup 

a:,j/e[0,l] 


Lh{b, x) — Lh{b, y) 
x-y 


sup 

x,yg[0,l] 


E T(5) 


h o Fo^(6, x) — ho Fg^b, y) 


k=0 

00 

< sup y^^Pkjb) 

3;,yG[0,l] 


< 

x-y 

Up,^h\Uk{b)x - Ilkib)y\ 

\x - y\ 


Lip^/i- 



The bounds for the derivatives are obtained analgously by differentiating term by term the series ([32]): 


(76) 


(L/i)« = - Pfc(6)ni(6)/i« o 

k=0 


Therefore, 

(V) ll(“)''’llc^r:^l|A"’llc- 


□ 

Proposition 6. There exist polynomials T^^e) and T^{s) of degrees respectively 3 and 4 such that 
7^4 (0) = 0 and for any h E N holds 

(78) Lip„|4;i|<r3(e)+Ti'(£)4i.ip 

Proof of Proposition [ 6 j The proof of this proposition deals with an expression for Lip^, which is 
given by 


(79) 


sup 

x,y£[0,e\ 


(1 + xhb{x)YQ{b, X + hb{x)) - (1 + yhb{y)YQ{h, y + hbjy)) 

\x - y\ 


Since in this proposition the base coordinate b is fixed and x is changing we will permit to ourselves not 
to write the b index and just suppose that Q{x) = Q{h,x + hb{x)) as well as h{x) = hb{x). The bound 
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is a triangle inequality formula: 


(80) Lip^^<h/i< sup 

Q{x) - Q{y) 

+ 2 sup 

x,y€[0,£] 

x-y 

x,ye[0,E\ 


xh{x)Q{x) - yh{y)Q{y) 


x-y 


+ 


2 sup 

x,yG[ 0 ,e] 

+ sup 

x,ye.[Q,£\ 


Let us note that 


+ sup 

x,ye[0,£] 

xh{x) {Q{x) - Q{y)) 


x^h{x)Q{x) - y^h{y)Q{y) 


x-y 
x‘^h{x) {Q{x) - Q{y)) 


x-y 


x-y 
+ 2 sup 

x,y<^[0,£\ 

+ sup 

X,ye[0,e] 


< Lip^Q(l + Lip^_^/i) + 
xQ{y){h{x) - h{y)) 


+ 2 sup \Q{y)h{y)\ + 

t/G[ 0 ,£] 


X-y 

Q{y) {Kx) - Ky)) + (x^ - y^)Hy)] 


x-y 


< 


< Lip^Q(l + Lip^^^/i) + 2£AcLip^gLip^^^/i + 2£||Q||c^Lip+ 

+ 2| IQI Ic^c + ^^^cLip 3 ,QLip^^g/i + 11(5| |c(e^y4Lip + 2eAc) 


(81) LiPa:,£^ = sup 

x^h{x) — y‘^h{y) 

< sup 

x‘^{h{x) — h{y)) 

+ sup 

%)(x2-y2) 

x,y<E[0,e\ 

x-y 

x,yE[0,£\ 

x-y 

x,ye[0,£] 

X-y 




After substitution of Lip^ in (IHOj) by flHTl) we have the result with 

T^ie) = 2A^Lip^Q£^ + 4A^Lip^Q£^ + 2Ac(Lip^Q + ||(5||c)£ + Lip^^Q + 2||(5||c^c 

T^ie) = 'Lip^QAce'^ + 2Ac-Lip^Q£^ + Lip^Qe"^ + 2||Q||ce 


□ 

Now let us prove the analogous proposition for the Holder norm of the operator $: 

Proposition 7. // h G 'H°'s then $/i G 'hAs os well. And, moreover, for h & N, there exist 

polynomials and Tf{e),Tf{£){0) = 0 of degrees 2 and 4 correspondingly such that 

(82) II $h||[^]_^<T0(£)A„ + T2(£) 

Proof. To estimate Holder norm of the shift operator, we need some more triangle inequalities. 


(83) \^h{bi,x) - ^h{b2,x)\ = |(1 + xhyffQy^ - (1 + xhi,^fQi,f\ < 

— \Qbi ^^ 2 ! T2x| Qbi hii2 Qb2 \ A X I hf,_^ Qbi | — 

< \Q{bi,x + hhf) - Q{bi,x + hbJl + \Q{bi,x + hb^) - Q{b 2 ,x + hfej] + 

+ 2£\hbi (Q{bi,x + hbf) - Q{bi,x + + 2e [Q{bi,x + - 

—Q{b 2 ,x + hftj)) I + 2£ \ Qb 2 {hbi — hftj)I + ^‘^hbi \Q{bi,x + /i;,j) — Q[bi,x + hb^) \ + 

Pe'^hl^ \Q{bi,x + hb2) - Q( 62 ,+ hfejj + e‘^\Qb^\ \hl^ - < 

< || 6 i- 62 |r (r°(e)A„ + f’ 2 (£)) 

where 

(84) T 4 ( 5 ) = Lip,j,(5£^ + 2£^ALip,j,(5 + 2e|IQI|c + ^^^^Lipg + 2|IQI|c^^^ 
and 

(85) T2(£) = Cq + 2eACQ + e^A^Cq 

□ 
































STERNBERG LINEARIZATION THEOREM FOR SKEW PRODUCTS 


15 


All the propositions stated above are proven. This completes the proof of onr main resnlt - Theorem 

H 

Now we are ready to prove that the conjngacy is smooth in hber variable, and Holder with its 
derivatives in base variables. 

Proof of Theorem [31 

The proof of a smooth version of Theorem [2] is analogons to the proof of the latter theorem. Here we 
will give a sketch of the proof: we will only show that the conjngacy H is {k — 2)- smooth with respect 
to the hber variable. The proof of the fact that its hber derivatives are now Holder on b is analogons to 
the proof of the Holder property fot the fnnction H itself and we don’t give it here. 

The idea is to change the space M in an appropriate way. For some constants Aq, ■ ■ ■ ,Ai > 0 and 
xq, ..., x; > 0 let ns dehne the space 

(86) Afi := {h{;b)eC\[0,e]) : | |h| [c < Aq, ..., | |h« 1< Aj 
with the norm 

(87) ||/i||* = xo||h||c + ... + Xillh^'^llc- 

We have now to prove the analognes of Lemmas [H [3] and [2] above, and then follow the argnment in 
Theorem [21 The homological and shift operators will stay the same althongh the fnnctional spaces in 
which they act will be smaller, and the metric will be not continnons bnt a smooth one. 

Lemma 1 (smooth case) Operator L is bonnded in the norm fl87|) . 

Proof. 

I I j~^ OO y-v 

(88) IILftll. = 5^x,||(Lft)0>||c < = Y^llftll. 

J=0 ^ ^ ^ ^ 

□ 

For the space Mi to map to itself by L<F, we shonld choose constants Aq, Ai, ... ,Ai appropriately. For 
L<F to be contracting in the space, we should appropriately choose xq, ..., x^. Let us show that these 
two choices can be made without complications and the analogues of Lemmas [3] and |2] hold. 

In what concerns the operator $, we will use its presentation (l55|) and calculate the derivatives for 
= 0,...,/: by the Leibnitz rule: 

k 

(89) (<I)h)(^) = ^G((l + xM6.i))^)«>QM(6,x + fc) 

j=0 

The explicit form of the right-hand side is not as important as a fact that it can be written as a sum 
of polynomials in derivatives of h, h and Q. Indeed, there exist polynomials Tq, ... ,ti and ... ,ai such 
that 

k 

(90) ($h)('=) = ^ CiTjix, h,..., (x, h,..., Q{b,x + h),..., Q<^’^-^\b, x + h)) 

j=0 

We will estimate the continuous norm of the right-hand side of fi90|) in x [O,^]. So we will have 
that for some polynomials Tj and Sj there is a bound 

k 

J-0 


( 91 ) 
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Note that the coefficient in front of Ak in this expression is a polynomial that has no free term. Indeed, 
Ak comes only from or Sq: in both of the cases A^ is multiplied by at least one e. Hence we need to 
hnd Hq, ■. ■ Ai such that / + 1 equations hold for some polynomials Pk, Pj^, Pk{0) = 0: 

(92) P^{e)Ak + Pfc(e)C'(Ho,..., Ak_i) < Aj^, k = 0,... ,l 

First we take £ such that all polynomials P° (e) < 1. Then we satisfy the equations fl92l) one by one, 
starting from A; = 0 by choosing A^ one by one, starting with Aq and by increasing the index. 

Now we have to prove that operator is contracting in the space A/" if xq, ... are properly chosen. 
One can show that 

(93) ||L<F/i-L<I)^||* < 

D > ^ 

'YZr~ X] I X] {n{x, h,... h^^'>)ak {x,h,..., Q{b, x + h),..., 

^ j=0 k=0 

Q^^~^\b,x + h)) - Tk (x, g,... g'^^^)ak(x, g,..., Q(b, X + g),..., 

i / i 

QU->^){b,x + g)))\\c,e<Y.\\f^^'^-9^'^\\cA E 

j=0 V j=k+l 

for some polynomials Uj,Uj. For the right-hand side to be less than ^||h — g\\^ for some < 1 the 
following system should be satished: 


(^) “I- Uo{e) + ... — Uo{e) < ^ 

Xq Xq 

(^) “I- Uo{e) -|-... — Uo{e) < ^ 

Xi Xi 

q_i(£) + —o-i(£) < 5 

u^e) < e 

One can choose e in such a way that U^{s) < Then, the last inequality in the list is true, by taking 
any x/ and x/_i big enough, we satisfy the before-last inequality and we proceed in staisfying these 
inequalities from the last one till the hrst one. 

So, we obtain a contracting operator. We haven provent that in the space A/) of functions dehned in 
a neighborhood of the base with a metric chosen appropriately, there is a contracting operator L$. Its 
hxed point is the needed conjugacy which will be sufficiently smooth on the hber variable x. 

□ 
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